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Abstract

In this paper we investigate the performance of channel
estimation based equalizers. We introduce two different
channel estimation algorithms. Our first channel estima-
tion scheme is a novel structured channel impulse response
(CIR) estimation method for sparse multipath channels.
We call this novel CIR estimation method Blended Least
Squares (BLS) which uses symbol rate sampled signals,
based on blending the least squares based channel esti-
mation and the correlation and thresholding based channel
estimation methods. The second CIR estimation is called
Variable Thresholding (VT), and is based on improving the
output of the correlation and thresholding based estimation
method. We then use these two CIR estimates to calculate
the Decision Feedback Equalizer (DFE) tap weighis. Sim-
ulation examples are drawn from the ATSC digital TV §-
VSB system [1]. The delay spread for digital TV systems
can be as long as several hundred times the symbo! dura-
tion; however digital TV channels are, in general, sparse
where there are only a few dominant multipaths.

1 Overview of Data Transmission Model

For the communications systems utilizing periodically
transmitted training sequence, least-squares (LS) based
channel estimation or the correlation based channel esti-
mation algorithms have been the most widely vsed two al-
ternatives. Both methods use a stored copy of the known
transmitted training sequence at the receiver. The proper-
ties and the length of the training sequence are generally
different depending on the particular communication sys-
tem’s standard specifications. In the sequel, although the
examples following the derivations of the blended chan-
nel estimator will be drawn from the ATSC digital TV 8-
V5B system [1], to the best of our knowledge it could be
applied with minor modifications to any digital commu-
nication system with linear modulaticn which employs a
training sequence.

The baseband symbol rate sampled receiver pulse-
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matched filter output is given by

y[n] = y(t)|t=nr = ZI:ch[n — k] + vin, (V)
k
where
IF{ZZ, N<n< N'—1, }EAE{alw- o} @

is the M-ary complex vatued transmitted sequence, A C
C!, and {ar € {Za + ja}} denote the first N symbols
within a frame of length N’ 10 indicate that they are the
known training symbols; () = n(t) * ¢*(—t) denotes the
complex (colored) noise process after the pulse matched
filter, with n{t) being a zero-mean white Gaussian noise
process with spectral density N, per real and imaginary
part; h(t) is the complex valued impulse response of the
composite channel, including pulse shaping transmit filter
g(t), the physical channel impulse response c¢(t), and the
receive filter g*(—%), and is given by

L

pty*c(t) = D  eplt— ),

k=-K

h(t) 3

and p(t) = q(t) = g*(—t) is the convolution of the trans-
mit and receive filters where g(¢) has a finite support of
[—T4/2, T,/2], and the span of the transmit and receive fii-
ters, Ty, is integer multiple of the symbol period, T; that
is T, = N,T, N, € Z*. {cx} C C! denote complex
valued physical channel gains, and {74} denote the multi-
path delays, or the Time-Of-Arrivals (TOA). It is assumed
that the time-variations of the channel is slow enough that
¢(t) can be assumed to be a static inter-symbol interference
(IST) channel, at least throughout the training period with
the impulse response

L

Z cxd(t — )

=~K

e(t) @



for 0 <t < NT, where N is the number of training sym-
bols. The summation limits X and L denote the number
of maximum anti-causal and causal multi-path delays re-
spectively. The multi-path delays 7, are nor assumed to be
at integer multiples of the sampling period T'. Indeed it is
one of the main contributions of this work that we show
a robust way of recovering the pulse shape back into the
composite channel estimate when the multi-path delays are
not at the sampling instants.
1.1 Review of Least-Squares Channel Estimation
Without loss of generality symbol rate sampled com-
posite CIR A[n| can be written as a finite dimensional vec-
tor h = [R[~N,],---,h[0],--- ,A[N.]|T where N, and
N, denote the number of anti-causal and the causal taps
of the channel, respectively, and N, + N; + 1 is the total
memory of the channel. Based on Equation (1) and assum-
ing that N > N, + N+ 1, we can write the pulse matched
filter output corresponding only to the known training sym-
bols compactly as

y Ah+ v, (5

where

I

[y[Nc]:y[NC + 1]: Y
T{[G’Nc"'Na’ th

[N=-1-N,]J*, (©)
'aa'O]}{7}

Y
A

GN—ﬂTa [G'NCHV,,, e

where A is (N —~ N, — N,.) x (N, + N, + 1) Toeplitz con-
volution matrix with first column [an oy, , - an—1]7
and first row [an, 4n,, - ,ag), and ¥ = [p[N], [N, +
1, ,»{N =1 — NgJiT. As long as the matrix A is
a tall matrix and of full column rank, that is ) N >
2(Ny + Ng) + 1, (ii) rank{A} = N, + N, + 1 then the
least squares solution which minimizes the objective func-
tion Jys(h) = [ly - Ah|? exists and unique, and is given
by hr s = (AFA)1AHY.

For a single antenna receiver the problems associated
with the standard least squares based CIR estimation is
summarized by Ozen, et al[3].

2 Overview of the Proposed CIR Estimators

We will briefly overview the Variable Thresholding
(VT) and Blended Least Squares (BLS). However both
CIR estimation methods start from a raw channel esti-
mate which is obtained by cross-correlating a,, (known and
stored at the receiver) with the received sequence y{n].
2.1 Initial Channel Estimation

Cross correlating the stored training sequence with the
received sequence, which is primarily done for frame syn-
chronization [2], vields a raw {uncleaned) channel estimate

[U]Zaky[k+n] n=- 0,-- N, (8
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N-1
where r,[0] = 3" |lax||*. Equivalently Equation (8) can
k=0
be written as
- 1 -
h, = 7]
u TG{Q] y'l (9)
where
A- = T{[ao': s AN— lr 0 T a’Oa i } (10)

No+N. No+N.

isa (N + Ny + N;) x (N, + N, + 1) Toeplitz matrix with
first column [ag, a1, ,an_1,0,+--,0]%, and first row

[GD,O, : 50]’ andg = [y[_Na]: :y[N+Nc _IHT'
We can express the observation vector § by
§ = (A+D)r+, (11)
where -
D = T{[Oa s 10: dNa et ’ch+Nﬂ+N—1]Ta
N
[03 d—la T 1d—Nc—N¢]}a (12)

is a Toeplitz matrix which includes the unknown sym-
bols before and after the training sequence, and &
[V[~Ne],--+ ,¥[N + N, — 1]}7 is the (colored) noise vec-
tor. In order to get rid of the sidelobes of the aperiodic
autocorrelation we can simply invert the normalized auto-
correlation matrix 12,, of the training symbols, defined by

1 -H-
Ta{O]

R, (13)

Then the cleaned channel estimate ir,c is obtained from

h. = R;lh, (14)
Substituting Equation (9) into (14) we get
- =N —1 - -

h, = h+ (AHA) A" (Dh,+:7) . as)

As can be seen from Equation (15) the channel estimate
h. has the contributions due to unknown symbols prior to
and after the training sequence, which are elements of the
matrix 2, as well as the additive channel noise; only the
sidelobes due to aperiodic auto-correlation is removed.

If all the symbols involved in the correlation of Equa-
tion ¢9) were perfectly known then the baseline noise in
the estimation vector would have been due to finite corre-
lation of known symbols only. Then the cleaning algorithm
would have cleaned this deterministic noise perfectly and
we wouldn’t have needed any thresholding on the cleaned
estimation vector. But we always have unknown symbols



involved in the correlation in most of the practical applica-
tions. So we need a thresholding algorithm after cleaning.
The correlations of Equation (9) will ideally yield peaks at
{D¢ e Z*}, fork=—K,---,—1,0,and at {Df € Z},
for k = 1,---, L. These delays are the sampling instants
closest to the locations of the actual physical channel multi-
path TOAs {rx}, k = -K,.--,-1,0,1,..- , L, within a
symbol interval. If we apply a uniform thresholding to the
vector obtained by Equation (14) which is in the form of
setting the estimated channel taps to zero if they are below
a certain preselected threshold; that is '

; 0, if |hfn)]<e
set unfn] { hc[n], otherwise, 16
forn = —Ng,---,-1,0,1,--- , N,, then in general we

can choose the tap location with largest magnitude and
denote it as the cursor (reference) path, and the TOAs
prior to and after this reference TOA are denoted as pre-
and post-cursor channel impulse responses. The relation-
ship between the actual TOA’s and the estimated TOAs is
given by D} = —round (%), for —K < k < 0, and
D¢ = round (%), for 1 < k < L. It is assumed that
1< Df <--- < Df,and similarly 1 < D} < --- < D%.
2.2 Overview of Variable Thresholding Algo-
rithm

Though uniform thresholding of Equation (16) serves
the purpose its effect is uniform through out the length
of estimation vector. If we observe the noise character-
istics due to unknown symbols it is obvious that the region
near the cursor location in the channe! estimation vector in-
volves less number of unknown symbols than far regions.
So variable thresholding algorithm is developed to thresh-
old various regions of the estimation vector differently. At
this point we have the cleaned channel estimation vector,
h, , and thresholded channel estimation vector, by,

1. Initial threshold, €in;, is formed by the following
equation

Soav/|Nn]|

where S is the magnitude of the stored training sym-
bol (=5 for 8-VSB case), o4 is standard deviation of
unknown data symbols (=v'21 for 8-VSB case), and
Nn] represents the number of unknown symbols ap-
pear in the channel estimation vector as a function of
the location, =, in the channel estimation vector and
is defined as

OB

where Lgp, = N+ N1 is the length of the channel,
and N is the length of known (training) symbols.

Einit[N] an

if —Lp<n<O0
if 0<n<Ly

-1,
n’

(18}
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2. Variable threshold £,,), can be calculated as follows:
gonlnl = Y Einiln — Klhlk] (19
&

3. At the final stage variable thresholding will be done
on the cleaned channel estimation vector, h., by

set ?Lmh[n] = { O

if f{Be[n]{l < snln]
heln], e

otherwise,

for —-N, < n < N, and ngh is the CIR estimate
obtained by the variable thresholding algorithm.

2.3 Overview of Blended Least Squares Algo-
rithm

The channel estimation is performed in two steps using
symbol-spaced received samples after the receiver pulse
maiched filter. In the first step, the received samples are
correlated with the stored training sequence, cleaning and
uniform thresholding is applied, summarized by Equa-
tions (9,14,16) respectively, in order 1o determine the lo-
cations of the TOAs. The purpose of the second step is to
incorporate the transmitted pulse shape p(t) into the chan-
nel impulse response. To do this, we locate three copies
of p(t) shifted by one-half of a symbol period around each
muitipath location and estimate complex scaling factors us-
ing a modified least squares approach.

After the uniform thresholding takes place we will end
up only with the peaks of the channel taps, which implies
the fact that the tails of the pulse shape that are buried under
the “noisy” correlation output may end up being zeroed out
entirely. Now we will show to restore the pulse shape p{t)
into the CIR estimate. The idea is that for every multi-path
we would like to approximate the shifted and scaled copies
of the pulse shape p(¢) (shifted by 71 and scaled by ¢} by
a linear combination of three pulse shape functions shifted
by half a symbol interval. More precisely

ckp(nT —1y) &~
1
L p((n+ D= PT), K k<0

1
Y 1 7p((n—Dg—4)T), 1<k <L
i=—1 -

2D

where {7§k),—K < k < L}._, C C'. By making this
approximation we can also efficiently recover the tails of
the complex pulse shape p(t) which are generally buried
under the “noisy” output of the correlation processing, and
are lost when uniform thresholding is applied. To accom-
plish this approximation we introduce three vectors p,,, for
k = —1,0,1, each containing T spaced samples of the
complex pulse shape p(t) shifted by kT'/2, such that

kT kT kT
Pe=[pENT =)o plg )T =" (22)



for k = —1,0,1, and by concatenating these vectors side
by side we define a (2, + 1) x 3 matrix P by

P

(23)

(P-1, Po, P1l

Then we form the matrix denoted by I' whose columns
are composed of the shifted vectors py., where the shifts
represent the relative delays of the multi-paths; that is

P
O pg+Ds 3 Opa xs

I'= (24)

Op; xa O(pe+D5 )3
P

where I is of dimension (D% + Df + 2N, + 1) x 3(K +
L + 1), and Oy xr, denotes an m by n zero matrix. Then
the observation vector y, and the convolution matrix, A,
composed only of the known training symbols are defined
as in Equations (6, 7) respectively. Since it was assumed
that ¢(t) spans N, symbel durations, it implies that g{n]
has N, + 1 sample points, which in turn implies p[n] has
2N, + 1 samples. Hence

Ny =D§+N;, and N, = Dj+N,. (25)
Defining v*) = [75,‘“1), 'yék), '}{k)} for ~K < k < L, we
define

v o= TR L O DT (26)

as the unknown vector of the coefficients with {737, n =
-1,0,5;k=-K,---,0,.--,L}, of length 3(K + L-+1).
Then the vector that contains all the coefficients Then we
can write the observation vector as

¥y ATy + v 27

where v is the observation noise vector. Using the least
squares arguments again, we can estimate the unknown co-
efficient vector ~y as

- -1

Aers = (THFARATY 'rfAfy. (28
Once the vector ¥ ¢ is obtained, the new channel estimate

Enew, where the pulse tails are recovered back, can simply
be obtained by

hsrs = THgps- (29)

In order to have a unique ¥ ¢ it is required that AT be a
tall matrix, that is it is required that

N—-D% —D§ —2N, > 3(K + L+ 1). (30)
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2.4 Noise Variance Estimation

Once we define the estimated channel vector as in Equa-
tion (29} we can similarly define the reconstructed obser-
vation vector ¥, based on h BL5, by

? = AHBLS = AFWBLS

AT (TPAZAT) T THAHy.

3D
(32)

Then the variance of the noise samples at the output of the
matched filter o2 can be estimated using the estimator
- 1
et = I
- (N —D% — D§ —2N,)

y-yl* 33

which arises naturally. Note that (N — D§ — D¢ — 2N,)
is the length of the observation vector y.

3 Channel Estimate-Based Decision Feed-
back Equalizer

The derivations of the DFE equations are based on the
recent work by Zoltowski et al[4]. Based on the minimum
mean squared error (MMSE) criterion at the slicer input,
the optimum feed-forward and feedback taps in a DFE are
directly computable from an estimate of the channel.

The equalizer is assumed to have Np + 1 feedforward
taps and /N p feedback taps. Assembling Nr + 1 consecu-
tive samples of y[k] into a vector y yields

ylk] = Hslk| + Qnl#],

where n{k| = [nlk + Lg) -.. 9k — L, — Np] |7, slk] =
Ik + N,] ... Ik — N. — Nz 1%,

(34)

rhl o ... 0
0 nT 0
H = ] ] ) (35)
. ‘T
-0 0 R L (Ve x (NNt
fgT 0 -~ 0
0 ¢~ - 0
Q = : : (30)
: 2
L0 0 g (N (NtNg)

where ¢ is the finite length representation of the receiver
matched filter with length N, = 2L, +1:

a=[g[~Lql.--.,q[~1], [0}, ¢[1],. .., qlL]]" . G37)
The symbol estimate [k — 4] is given by
Ik — &) = Re{gylkl} + g5  Inlk — 6 - 1], (38)

where § is the cursor location (defined below), gp =
[9r[0],- -, 9r[NF]]", g5 [9a1].....95NB]1",



splk] = [I[k],-.., [k +1— Ng])7, and the superscript
H denotes conjugate transpose. In this analysis we assume
that all decisions are correct. If we adopt the convention
that the subscripts 12 and I indicate the real and imaginary
parts of quantities, then

Ik~ 8) = grr" ynlkl + gr; T y1lk]
+gp7splk — 6 - 1
grc’yolkl + 95" splk— 6~ 1], (39)

[gFRT QFIT]T and yclkl =

{urTk w7 (k] ]T. We may now write
yolkl = Heslkl + Qonglk),

Qr
Q;

where gpo

(40)
T .77
whereHc:[HR H; ] ,ch[

-Q, J

Qr |
and n[k] = [nxT ik 0,7k

In the decision feedback equalizer, we use the cursor to

define exactly which symbol is being estimated. To mo-
tivate the cursor definition, we use the real equalizer and
consider a channel containing a single path with real gain
at delay zero. In this case, hg(k] is a delta functionat & = 0
and the sample y5[k] corresponds to the symbol J[k] (since
yrlk] = I[k} + vgrik]). Then the feedforward term in the
symbol estimate is

Np
gr"ylll = 3 orinjurlk —n)
n=0
Ng
= > grlnl (Ilk~n]+vrlk—n]) 41)

where we recall that g is real for this discussion. That
is, the feedforward term in the equalizer output only de-
pends on the symbols I[k], I[k — 1,..., Ik~ Np]. When
there is multipath interference, the feedforward term will
depend on symbols covering a wider time-span, but since
we may encounter a channel where the multipath is negli-
gible, we may only consider Ik, Ik — 1},...,Ilk - Ng]
as candidates for the symbol to estimate. Therefore, we es-
timate the symbol I{k — &), where 0 < § < Np, and call
this symbol the cursor. Since there is a one-to-one cor-
respondence between the candidate symbols and the taps
in the feedforward section, we often identify the cursor by
the corresponding feedforward tap. This definition of the
cursor is consistent with standard DFE theory and practice.

We now find the equalizer by minimizing the mean-
square error (MSE), where

MSE E{(I[k — 6] — Ik — 6))%}
€ — 29FGTTsyc +29rcT Rycss 95
+grc” RycyoOrc + 89579 (82)
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with & = E{(J[k])?}. rsp. = E{I[k — dlyc(kl},
Rycsp = E{yC[k]IBT[k - 46— 1]}, and Ryoye =
E{ycklyL[k|}. Here we have made use of the expres-
sions Ry,s,; = E{spik|spT[k]} = EsIn, and vy, =
E{I[k ~ §]sp[k]} = 0. Minimization of this expression
yieids

1

1 -
Grc = (Rycyc_E—R'ycmRycsHT> Tayo{43)
1

9 = —E'RUGSBTQFCl (44)

where
Taye ESHCIJ+N¢ {45)
Ry EHcHT + NoQoQsT  (46)
Rycsa = EsI'ICAcS- (47)

The vector 154, contains ail zeros except for a one in
element 6 + N, + 1. The matrix A is defined by

O¢n, +8+1)x 5
As = Ing (48)
O(Np+N.—5—Ng)xNg
when0 < § < N.+ Ng — Ng and
As =
I:O(Na+6+1)x(Np-|—Nc—6) OV, +611) X BN 5N —N.) ] (49)
Inpgines O N —8) X BN 5N p—N.)

when N+ Np — Np < § < N.+ Np— 1. Here I, is
the identity matrix of size n x n.

The derivation of the real equalizer is similar with the
result that

1

. _
gr = (RURyR_E_RyRSBH'yRSBT) Tayg {50)
8

1
98 = ~z Rynen” 9z, (1)

8

where

Tayp = 83H515+Na (52)
Rynye = EHaHRT +No(QaQ77 +Q,Q,7)
EHrHET + NoInpt1 (53)
RURSB = asHRAJ' (54)

4 Simulations
We compare the accuracy of the channel estimates Fry.p,
and hgr o and quantify their effectiveness by considering



Table 1: Simulated channel delays in symbol periods, rel-
ative gains

{Taps[ Channel 1 Channel 2 Channel 3
k| Ame} [{lexl}] {ze} [ {lexl}] {7} |{Jecl}
—2 [-23.89 | 0.15

-1 ] -161[0.20]-095] 072 [-19.03] 0.12
0 0 1 0 1 0 1
1 [ 3282 {017 355 [ 0.64 | 158 | 0.1
2 [ 63.06 | 020 | 1525 ] 0.98 | 19.03 | 0.1
3 ] 6382 | 015 [ 24.03 [ 0.74 | 60.27 | 0.31
4 29.16 | 0.86 [190.33 ] 0.19

their use in the equalization of sparse channels. We con-
stdered a DFE with real valued taps, and with 256 feed-
forward taps and 448 feedback taps. The cursor tap is
placed at the 221st tap on the feed-forward filter.

We considered an 8-VSB [1] receiver with a single an-
tenna. 8-VSB system has a complex raised cosine pulse
shape [1]. The CIRs we considered are given in Table 1.
The phase angles of individual paths for all the channels
are taken to be

arg{ck} exp(—j2mfere), k=1,---,6 (55)

_ _50

where f, — and Ty = 92.9n3¢c.

Based on each of channel estimates the oprjrhal real val-
ued DFE filter coefficients are obtained, and the equaliza-
tion performance is compared. The DFE output (slicer
input) signal-to-interference-plus-noise-ratio denoted by
SINRpre, is the metric used for comparison of equaliz-
ers obtained from the channel estimates. The output of the
equalizer is given by

Ikl =¢lo] = Ikl + > énl+ Ik —nj+vik] (56)
¥n,n#0

where the first term in Equation (56) is the desired sym-
bol with a multiplicative constant, and &[k] is the effective
channel at the output of the equalizer. &[0] = 1 only when
the estimate is unbiased. The second term (the summation)
in Equation (56) is the residual ISI and the last term (v[&])
is noise (colored). SINRpgy is then defined as the vari-
ance of the desired term divided by the variance of every-
thing else. Since the symbols and noise are uncorrelated,
this turns out to be

EZ[0]?
> &n)?+ E{v[k*}

n,ns£0

SINRprg . (57

E,

The SINRprg values for each channel estimate is provided
for 18 to 28dB Signal-to-Noise-Ratio (SNR) values mea-
sured at the input to the receive pulse matched filter, and it

563

is calculated by

SNR = E, ||(c(t) * g(t))|t=nr]” /No,  (58)

where E; = 21 is the symbol energy for 8-VSB system,
and Ny is the channel noise variance.

Figure 1 parts (a), (d), and (g) show the actual CIR’s,
and Figure 1 parts (b), (e), and (h) show the estimated CIRs
by the VT algorithm, and Figure 1 parts (d), (), and (i)
show the estimated CIRs by the BLS algorithm, for Chan-
nels 1-3 respectively. Due to space limitations only the real
parts of the CIRs have been illustrated. The VT and BLS
algorithms operated at 18dB SNR. Figure 2 illustrates the
SINRpgg versus SNR for Channels 1-3, and for ideal CIR
based DFE, for VT based CIR, and for BLS based CIR. It
is clear that BLS generally outperforms the VT based chan-
nel estimation algorithm. However as in the case channel
3, it s possible for the uniform thresholding algorithm per-
form poorly and it can miss smaller multipaths. Then the
quality of BLS may not very good; on the other hand BLS
may still be as good as the variable thresholding algorithm.
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Figure 1: (a), (d), ang (g) show the actual real part of the CIRs; (b), (e) and (h) show the real part of ’ﬁ,,m; (c), (), and (i)
show the real part of hgrs.
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Figure 2: SINRprg versus SNR for Channels 1-3, and for ideal CIR based DFE, for VT based CIR, and for BLS based

CIR.
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