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Abstract

In this paper we introduce the idea of using 8-VSB [1] training sequence correlation, which is
already available in the current digital TV receivers, to initialize the taps of the decision feedback
equalizer (DFE). Currently the feed-forward taps of the DFE are initialized to all zeros, with
the cursor position initialized to 1. However it is desirable to speed up the convergence of the
adaptive equalizer as well as to enable convergence in cases where it would not otherwise occur.
Thus we propose to use the 8-VSB training sequence correlation to obtain a multi-path channel
estimate, and then to initialize the feed-forward and the feed-back taps of the DFE accordingly.

1 Introduction

DFE’s have been widely used in digital receivers due to their implementation simplicity and reason-
ably good performance under certain multi-path conditions. However, it is desired to enhance the
adaptive equalizer training capability of 8-VSB receivers [1]. This may be done by taking advantage
of the frame synchronization/training sequence correlation processing that already exists in the re-
ceiver for the purpose of data frame synchronization. The output of this processing can be viewed as
an estimate of the channel impulse response with the cursor represented by the largest peak. This
estimate may be used as a starting point for calculating initial tap values for a DFE.

2 Decision Feedback Equalizer Model

The DFE under consideration is shown in Figure 1. The cursor position is fixed as the last bin of
the feed-forward filter, d; denote soft output of the DFE to the channel decoder, and cz,; denote the
past decisions. We will assume that there are Ny; + 1 feed-forward taps including the cursor, and
Ny, feedback taps. Here hs¢[n] and hjs[n] denote the impulse responses of the filters corresponding
to the feed-forward and the feedback filter portions of the DFE, respectively.

3 Discrete-time Channel Model, and Channel Estimation

The received sequence is denoted by ulk] with first training symbol at u[0], precursor symbols at
positions k > 0, post-cursor symbols at positions k& < 0. The known training sequence is s[k| for
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Figure 1: DFE Block Diagram

k=0,..., L, — 1. Defining the auto and cross-correlation functions, rs[m] and rg,[m] by

Lir—1

nlm) = X sllslk+m] )

rem] = Z slklulk + m], (2)

k=0

where {s[k] € A={—A,+A}, A€ R'} is the training sequence (known and stored at the receiver).

3.1 Correlation Properties of the Training Sequence

We will first go over the correlation properties of a maximal length PN-sequence. We will denote
a PN-sequence of length L as PNp. In general, the periodic autocorrelation of a binary valued

({+A,—A}) PNy sequence is given by

= BN M= 0.2l L 3
PPN — A%, otherwise.

However if the PN sequence used is finite and the standard linear correlation is used, then the auto-
correlation values corresponding to the non-zero lags will not constant and will not be as low as — A2,
As a simple illustration consider a sequence composed of six PNs;; appended back to back, that is
let

y = [PN5117PN5117PN5117PN5117PN5117PN511]T- (4)

Then ryy[m], with x = [PNs;1|T, will be given as in Figure 2. It is important to note that we will
obtain a low correlation value of —A? for lags that are not multiples of L = 511, corresponding to
the intermediate P N5y portions of the long sequence y. However as illustrated in Figure 2, for outer
most lags we will not achieve this constant and low correlation value; instead we will have a “noise”
like correlation due to the finiteness of the sequences.

The training sequence used at the transmitter is, a part of the digital TV standard [1], which is
actually

§ = [PNsy1, PNgs, £P Ngs, PNgs]".

We also have reserved frame bits and information bits right before and after the training sequence
S. As a summary the correlations of the received signal with the stored sequence will be “noisy”
because

o the PN sequences are finite in length, they won’t achieve their low correlation value for non-zero
lag;
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Figure 2: Correlation properties of finite PN sequences. Note the “noisy” correlation at both ends
of the correlation values.

e the span of the cross-correlation includes the known training sequence as well as the random
data symbols and reserved data symbols.

For the time being we are still working on which sequence to use at the receiver, namely we can
use P Nsi1 only or the exact same transmitted sequence S.

3.2 Channel Estimation

Based on the auto-correlation property of Equation 3, our claim is that we can simply estimate the
channel by cross-correlating s[k] (known and stored at the receiver) with the received sequence u[k]

The pre-cursor impulse response estimate iLa[n] is determined from the cross-correlation of the
stored training sequence in the receiver and the actual received symbols at lags from 0 to — N, with
respect to the start of the received training sequence. That is

Lir—1
haln] = > s[kJulk+n]  for lags n=0,—1,...,—Nyy, (5)

k=0

and similarly post-cursor response iLc[n] is determined from the cross-correlation of the stored training
sequence in the receiver and the actual received symbols at lags from 1 to Ny, with respect to the
start of the received training sequence which is written compactly as

Lir—1
he[n] = > slklulk +n]  for lags n=1,..., Ny, (6)
k=0
Let ]:](Z) denote the estimated channel transfer function. Then with respect to the channel esti-

mation procedure outlined by Equations (5,6), H(z) is given by the Z-transform of the concatenated
channel estimates as



where the concatenated estimated channel impulse response h[n] is given as

~ iLa[n] for — Ny <n <0
h = LA
("] { he[n], for1 <n < Np. (8)

Assuming that there is a level thresholding algorithm taking place right after the cross-correlations,
we can write H(z) in general as

H(z) = BazPi 4 4 5027 4 512P7 4 ap+ dnz Pt 4 ag27P2 4o fane™P
= o (B 4+ BT Lz P ay P (9)

where we defined o; = &;/dqp, for 1 < i < N | and 3 = Bk/&o, for 1 < k < M. Thresholding
algorithm will be in the form of setting the estimated channel taps to zero if they are below a certain
threshold; that is

Set hln]=0, if hln]j<e for n=—Ns---,—1,0,1,---, Npp. (10)

The adoption of the notation used in Equation (9) is based on the fact that, after the thresholding,
there are usually very few dominant taps, or equivalently we can say that the channels we encounter
are generally sparse. A particular threshold selection/optimization criterion is to be determined later.

Note that in Equation (9) #x’s are the coefficients of the estimated channel corresponding to the
pre-cursor (anti-causal) part, and «;’s are the coefficients corresponding to the post-cursor (causal)
part. D{’s, D;’s denote the delays associated with the anti-causal and causal part respectively. As a
convention we are assuming that 1 < Dy < Dy < --- < Dy, and similarly 1 < D} < D§ < --- < Dj;.
Also by the construction of the channel estimates in Equations (5,6) we will have D%, < Ny; and
Dy < Nfb.

At this point we can define the causal and anti-causal parts of the transfer function of Equation (9)
as

5 = (i 50 0 »
Hc(Z) = ON{O (O{lZ_Dl _I_ O{QZ_D2 _I_ . _I_ aNZ_DN) (12)

such that H(z) = H,(z) + H.(z). The partition of Equations (11,12) will enable us to develop the
appropriate feed-forward and feed-back filter portions of the Decision Feedback Equalizer (DFE).

4 DFE Feed-Forward Filter Tap Initialization

It is known that the feed-forward part of the DFE is supposed to deconvolve the channel output; that
is its primary function is to do the inverse filtering to get rid of the feed-forward part of the channel,
given by Equation (11). Considering the anti-causal part of the channel transfer function given by
Equation (11), we need to establish a fast method to give a reasonably accurate initial inverse filter.
Let the inverse of the H,(z) be denoted by HI(z). We would like to have H;;(z) = H!(z) ideally,
but since our ideal inverse filters be an infinite impulse response (IIR) filter, and we are going to
implement by an finite impulse response (FIR) (a filter with finite number of taps), we would have
H;s(z) ~ H!(z). We have 3 different methods to initialize HI(z). However, we must note that
the methods 2 and 3 are “zero-forcing” in nature. We will soon modify them to reduce the noise
enhancement.



Method 1: The most trivial method is to initialize all of the Ny, taps to zero, and let the cursor
tap be initialized to 1.

Method 2: This is the Inversion and Truncation (IT) method which determines the linear filter
with finite number of taps which is the best inverse of the anti-causal channel to minimize the
peak distortion criterion. Recall that

—a(lr ) =Y et
( =%
k=0

1—r
as long as |r| < 1. Using this fact, and since H(z2) = #(Z) we have
1
Hy(z) = (1= +9%(:) =" () 4+ )
Qo
1 o0
= LS (13
0 k=0
where
32 = Bl 4 e et = )y (14
0

for |y(z)] < 1, where |y(z)| denotes the magnitude of the complex number v(z). The simplest
approach here is to initialize the feed-forward filter by the truncated version of Equation (13);
that is Hs(z) will be initialized by

Hisle) = 2 (1= 3 +97%2) =96 4 (<1 Ty ()
_ O%];H(—l)k’yk(z) (15)

where Ny, = Lgﬁfj Notice that the sum in Equation 15 is finite regardless of |y(z)].
M

It must be noted that Equation (15) might be truncated too early depending on the delays and
the length of the feed-forward filter. We can further improve Equation (15) by assuming that
we have, for example M = 2 dominant multi-paths on the anti-causal (precursor) estimated
channel. The results shown here could easily be extended to arbitrary M delays, for all M <
fo.

We first introduce the peak distortion criterion, D,, as established by Lucky [2, 3, 4] which is
defined as:

1 D4, +Nygr+1

Dp = T Z |qn_(?n (16)
|q0| n=1
where q = [§o, 1, ,qAD%/ﬁN”H]T is the desired equalized response out of the feed-forward

equalizer (channel and equalizer combined), and q = [qo,ql,---,qu/ﬁN”H]T is the actual
equalized response. With a zero-forcing equalizer (ZF), the tap coefficients hys are chosen
to minimize the peak distortion of the equalized channel defined as in Equation (16). For
our purposes we particularly choose § = [1,0,---,0]%. It was shown that [2, 5] if the initial

distortion D, without equalization is less than unity, that is

1
Dinit — o Z|hz| < 1 (17)
|h0|n:1



then D, is minimized by those Ny; 4 1 equalizer tap values. If the initial distortion before
equalization is greater than unity, the ZF criterion is no longer guaranteed to minimize the
peak distortion. However, even if the initial distortion is greater than unity, using the channel
estimates to initialize the DFE feed-forward taps as established in the rest of the Method 2,
and following Method 3, will still yield a faster convergence as compared to the DFE with taps
initialized by Method 1.

Following the developments in [5], for the anti-causal channel estimate of

T
ha(n) = [h27hz 107" Z—Dg/[]
T
= ao[lvov"'vovﬁlv 07"'70 7627"'761\4—17 07"'70 7ﬁM] (18)
D¢—1 zeros D—D¢—1 zeros D%, —D%, _ —1 7eros

we form the convolution matrix H,,,, as
Hconv = [ha(0)7ha(1)77ha(fo)]7 (19)

and we introduce the desired response vector truncated to match the equalizer length q =
(o, s+ - a(]Nfo]T. Then, as long as the inverse of the convolution matrix exists, the unique
vector of optimal feed-forward equalizer tap gains, hyy, satisfies

h Hconv = (leT fr— h?f = (NZITH_l . (20)
Theorem 1: Let the anti-causal channel be given by
Ho(2) = do (14 iz + 322"%) (21)

with 1 < D} < D§ < Nyy, or equivalently

ha:&o[lv 07"'70 7617 07"'70 7&2]717 (22)
—_——— —_———
De—1 zeros Dg—D@—1 7€eros

and given that the initial distortion condition of Equation (17) holds; then the transfer
function of the unique linear feed-forward equalizer with N;; + 1 taps which minimizes
the peak distortion criterion is given by

i) = LSS () o (ot )

where
Dy = (E=0DD{ 41D =kD} + (D3 — D}, (24)
Nys
kmax — g 25
i o
Nyp— kDY
lpae(k) = | —————| . 26
w - B 2
which also satisfies the Equation (20) where the desired response is given by
61:[17 07"'70]T (27)

———’
Ny ZeTos



and the convolution matrix is given by

1 0 --- 0 51 0O -+ 0 52 0o .- T
01 0 -+ 0 B 0 -+ 0 [ 0
o --- .. 0 -+ 0 . 0 -+ 0
0 0 - 0 0 5 0 o))
: 0 --- 0
1
Hconv_~_ 0 0 0 1 0 2
Qg
0 0 0 B
0
0 1
0 0 1

- S (Nep+H1) X (Nyps+1)

Before we give the full proof of the theorem, we will provide the underlying motivation behind
it. Since our desired response is given by (27), then by Equation (20) we have

conv

hi, = [1,0, -, 0]H_! (28)

which simply implies that h?f is the first row of the inverse of Heo,. Let [H];,, .3 denote the
{m,n}’th element , [H],, 3 denote the m’th row, and similarly [H];. .3 denote the n’th column
of the matrix H. Let cofy,, ,,H be the cofactor of the matrix H with respect to the {m,n}’th
element. Then with this notation in mind we have

T -1
hjy, = {Hconv}{h} (29)

1
= —|adj(H 30
det (HCOHV) I:a J ( Conv>j|{17:} ( )

1
= 7~fo+1 |:C0f{171}Hconv7 Cof{271}Hconv7 . 7C0f{fo—|—171}Hconv . (31)
Qy

Equation (30) is simply obtained from Equation (29) by using the definition of the matrix
inverse, and Equation (31) is obtained from Equation (30) using the definition of adjoint matrix
which is the transpose of the cofactor matrix, and the {m,n}’th element of the adjoint matrix
is given by

[adj (H)](,,, ., = cofpnmyH. (32)

The important argument here we make is that Equation (23) introduced in Theorem gives us
the same result with Equations (29-31) for the channel of (21), or equivalently for the channel
of (22).

Proof: In order to prove this theorem, it is sufficient to make the observation that Equation (23)
is nothing but the improved truncated expansion of Equation (15) with the number of
terms included in the truncated expansion is determined by the upper limits of the outer
summation Ky, and inner summation .. (k) respectively. It is also required to prove
the following lemma on the ordering of the exponents of z before deriving the equations
governing kyq, and lyq. (k).



Lemma: For Df < Dj we have Dy 41y > Dy
Proof:

Digy = (k= (+1)D;+ (4 1)D; = KD} +(Dj— D}l
(33)

Since Dy = kD{ + (D3 — DY), and D} < D§ we have
Dk7(1+1) — DkJ = Dg — D? > 0

Hence Dy 141) > Diye Dirama

Lemma shows the ascending ordering of the exponents of the z for each k. The upper limit
for the outer summation on & is found by observing that the maximum allowable &,,,, times
the smallest delay, D} must be less than equal to Ny, that is k,,,, D] < Nyy, and this gives

us Kper = ﬂ;a |. Similarly, for each k, the upper limit on the inner summation over [ is

given by Dk,lm(w( k) < Nyy; then using Equation (24) we have kD{ +(D§— D} )l pae(k) < Ny,

) ) .. Nyp—kD®
which gives us for every outer summation index k we have [, (k) = L lf)fi_Dal J O orheorem 1
2 1

Example: We can consider a simple example where we have two dominant paths at the
anti-causal channel response. Assume with D{ = 19, DJ = 30 and assume we have a
feed-forward filter with Nsf + 1 = 100 taps (including the cursor). Then fo = L—J =3,

and according to Equation (15) (ignoring &y term)

Hyp(z) = S(=DF (812" 4 52%)"

k=0
_ o1 (51219+52230) i (51219 ‘|‘52230)2 _ (51219+52230)3
- 1_ (51219+5230) -I-( 2 38‘|‘25152Z49‘|‘52 60)
_( 3 57+36162268+3ﬁ 52 79 53 90) (34)

We can easily argue that the expansion in (34) is truncated too short, and using the
formulation developed in Equations (21-26) we can include the terms that are the powers
of the smaller delay D{ and possibly combinations with D§ such that our improved feed-
forward filter initialization will start with few more extra taps

Hi(:) = 1= (B 4+ 52 + (817 + 2882" + 5:)
_( 3 57+36162268+361 2 79-|-53 90)
+31270 + 4373257 4+ 6873327 + 37 2P (35)

Now we can give the generalized version of Theorem 1, where the Equations (23-26) are extended
for the anti-causal channel estimate with M taps with the transfer function

Ho(z) = o (BuzPh o 4 2P 4 31220 4 1) (36)
or equivalently with impulse response vector
ha(n) = [h27 hi 1" 7hZ—Dg/I]T
= Oéo[l, 07"'707617 07"'70 7627"'761\4—17 07"'70 7ﬁM]T‘ (37)
N—— N—— N——

D§¢—1 zeros Dg—D¢—1 Zeros D$,-D$,_,—1 zeros



Theorem 2: Let the M tap anti-causal channel be given by (36), or (37), with 1 < Df < --- <
D$; < Nyy, and given that the initial distortion condition of Equation (17) holds; then the
transfer function of the unique linear feed-forward equalizer with N;; 41 taps which minimizes
the peak distortion criterion is given by

1 kl,ma.r k2,ma.r(k1) kM—l,ma.r(klvk27"'7kM—2) kM,ma.r(klvk27"'7kM—l)

Hep(2) = — > >, - > >

Qg k1=0  k,=0 knyr—1=0 kpr=0
kq ks o Eav—a (_1)k1 (6k1_k26k2_k3 L ﬁkM—l_kMﬁkMZD(kl7"'7kM))
kQ k‘3 k‘M 1 2 M-1 M

1 kl,ma.r k2,ma.r(k1) kM—l,ma.r(klvk27"'7kM—2) kM,ma.r(klvk27"'7kM—l)

S Y S s >

Qo k1=0 ko=0 kyr—1=0 kar=0
k1 gki—ky gko—ks Ear—1=kar pkas  D(ky ok
k(=17 By By T PM- Bapt Pk

T (38)
k! 11 (k1 — kiga)t)

where
D(ky,-- kn) = (k1 — ko) Dy + (k2 — k3) DS + -+ - + (ky—1 — kar) Dy + ki Dy
= kDY + (D5 = Dy)ka+ -+ (Dyy — Dy )k, (39)
— _%? (40)
_— . - Nyp— kDY — ng@? — Diy)ki f
nmaz (K1, ko) = Di— Do, , for2<n <M (41)

which also satisfies the Equation (20) where the desired response is given by

61:[17 07"'70]T' (42)
Nj; Z€ros

Method 3: This method is based on a method solving the Equation (20), h?chonv = q’ without
calculating the inverse of H.,,, explicitly, for

61:[17 07"'70]T (43)
Nj; Z€ros

and

ho(n) = [k, h° ha_y 1T

no =197 " Ny

Hconv = [ha(o)vha(1)7 U 7ha(fo)]‘

We will first develop the solution h?f for the general case (channel with possibly all Ny + 1
non-zero taps), then the solution for the sparse channel case will follow afterwards. In this case



our convolution matrix will be an upper triangular Toeplitz matrix, and will be given as

[ hg h§ RS hy, -1 i,

0 hg Ry h3 hy, -1

0 0 h h A2 :

0 : 0

Ho..={ 09 : o PR % )

hi  hy :
hg Ry hs
0 A he

00 0 0 he

d(Nyr )X (Nypst1)

or equivalently the {m,n}’th element of the convolution matrix H,,,, is given by

R ., ifm<n
[Hmv]{m’”} { 0, otherwise (44)
for 1 <m,n < Nyy 4 1. The required vector
hff = [hgfv h{fv o 7h{\7J;f]T
can be obtained by
1
hff - =
0 he
1
fr_ = (pffpa
= - (hd’ns)
1
W= (hd’hg + h{7h3)
0
1 a a a
hf = o (hd7hs + n{7hs + ni’ny)
0
. = 1 .
7 S ffra L ga
hy,, = e (ho M, +hithy 4+ thf—1h1) (45)
where the general recursion follows trivially by induction that
1 k—1
W= SR, for k=12, Ny (46)
0 n=0

with the initialization of A}/ = 1/h%. Tt is important to note that in Equation (46), hf;f depends
only on the set {hgf, h{f, e ,hi{l} which has been calculated in the previous steps.

The computational complexity of the algorithm (46) has been studied. The number of multipli-
cation operation as a function of number of multi-path components has been given in Figure 3.
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Figure 3: Number of multiplication operations as a function of number of multi-paths for the algo-

rithm of (46).

5 DFE Feedback Filter Tap Initialization

The feedback filter hgy[n] should be initialized to the convolution of the estimated channel impulse
response and the feed-forward filter, which is given by

hp[n] = hln]*hsn], for 1 < n < Np, (47)

where * denotes the linear convolution operation.

6 Practical Applications

e Use correlation channel estimate for post-cursor only tap initialization (method with the least
computation ):
— Initialize all taps to zero, except cursor tap = 1 (Method-1 in previous section)

— When first training sequence arrives, run equalizer in training mode and simultaneously
do correlation channel estimate

— At end of training sequence, leave precursor taps with trained values, initialize post-cursor
taps to convolution of the post-cursor channel estimate and precursor trained values
e Use correlation channel estimate for post-cursor and precursor tap initialization, case A:
— When the first training sequence arrives it is stored in memory (quantized soft symbols
from channel) at the same time the correlation is being calculated.

— At the end of the sequence, an FIR approximation of the precursor channel inverse is
calculated and used to initialize the precursor taps (use methods 2 or 3 established in the
previous section).

— The post-cursor taps are initialized to the convolution of the post-cursor channel estimate
and the calculated precursor tap values.



— The training sequence from memory is run through the DFE running in training mode.

— Data symbols received during the steps 2, 3 and 4 above are discarded (at most 1 or 2
segments). At the completion of the 4th step, received data may be run through the DFE
in DD /blind mode.

e Use correlation channel estimate for post-cursor and precursor tap initialization, case B:

— When the first training sequence arrives, the correlation channel estimate is calculated.

— At the end of the sequence, an FIR approximation of the precursor channel inverse is
calculated and used to initialize the precursor taps (use methods 2 or 3 established in the
previous section).

— The post-cursor taps are initialized to the convolution of the post-cursor channel estimate
and the calculated precursor tap values.

— The equalizer is frozen until the next training sequence.

— When the next training sequence arrives, we start the equalizer in training mode and
simultaneously do another correlation/channel estimate. If the estimate of the channel
is close enough to the lst estimate (by some criterion TBD), then we let the equalizer
continue. If not, we start over again. This will continue until the channel is sufficiently
stationary for one VSB frame time.
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