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ABSTRACT

In this paper, we show how the convergence time of equalizers for 8-VSB based on the conjugate gradient (CG) algo-
rithm can be considerably improved through initialization based on a channel estimate. We derive real and complex
minimum mean-square error (MMSE) equalizers and implement them adaptively using the conjugate gradient, recursive
least squares (RLS), and least mean squares (LMS) algorithms. We show that both CG and RLS have similar convergence
times — both are much faster than LMS. Since the CG algorithm is easily initialized, we compare several methods of
initialization to determine how each affects convergence and then apply the best methods to initialize equalizers using
channel estimates. We find that initializing the correlation matrices and filling the feedback taps with training symbols
greatly speeds convergence of the CG adaptive equalizer, potentially approaching the rate of convergence when running
the algorithm on the matrix equations using the actual channel.

Keywords: Adaptive filtering, conjugate gradient method, decision feedback equalization (DFE), digital television, ves-
tigial sideband (VSB)

1. INTRODUCTION

The terrestrial broadcast standard for digital television in the United States is based on 8-level vestigial sideband mod-
ulation (8-VSB)! According to the standard, a field sync segment is transmitted @de2yns containing 704 known

symbols — four segment sync symbols, a length 511 pseudo-noise (PN) sequence, and three length 63 PN sequences.
These symbols may be used to train an adaptive equalizer. Since the broadcast environment is characterized by long
channel impulse respons&$, long equalizers are required, which makes it more difficult for an adaptive equalizer to
converge within the available training period.

Previous work on equalization for 8-VSB has focused on blind and semi-blind techri§uddowever, when the
training sequence is used (as in a semi-blind technique), a correlation must be performed to find the start of the training
sequence. This correlation operation may be used to estimate the multipath channel and the channel estimate may then be
used to aid the convergence of a training-based adaptive equalizer. More sophisticated techniques may also be applied to
improve the channel estimate, as demonstrate@sn et af.

Recent work on reduced-rank filterfhdpas linked the multi-stage nested Wiener filter to the conjugate gradient
(CG) algorithm. Chang and Wills8rhave analyzed adaptive implementations of the CG algorithm. Chowdhury and
Zoltowskil® have successfully applied the CG algorithm to DS-CDMA feedforward equalizers and found that it con-
verges at about the same rate as the recursive least squares (RLS) algorithm with approximately the same computational
complexity. In this paper, we show how the convergence time of decision feedback equalizers (DFE’s) for 8-VSB based
on the CG algorithm can be considerably improved through initialization based on a channel estimate. We begin by de-
scribing the 8-VSB system model and deriving expressions for real and complex minimum mean-square error (MMSE)
equalizers. These equalizers are then implemented adaptively using the CG, RLS, and least mean squares (LMS) algo-
rithms to compare their uninitialized convergence times. We then compare several methods of initialization to determine
how each affects convergence and then apply the best methods to initialize equalizers using channel estimates. Finally,
we present our conclusions.
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2. SYSTEM MODEL
The baseband equivalent discrete-time system model is shown in Fig. 1 where symbol-rate sampling is assumed. The
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Figure 1: System model.

transmitted symbol sequence is represented[blywhere, in this study, we assume that the symbols are independent
and equally probable. Symbols in the 8-VSB constellation are taken from the-§et-5,—3,-1,1,3,5,7}. The
continuous-time channel contains paths with delays; and complex gaina;. We assume that the path with maximum
gain magnitude occurs at a delay of zero. When convolved with the complex transmitted @llsbe channet(t)
becomes

M
ct) = Z%’Q(t —Ti). 1)

To match the specification in the ATSC standarthe pulseg(t) is a square-root raised cosine pulse designed for one-
half the symbol rate whose spectrum has been shifted up in frequency by one-fourth the symbol rate. In other words, if
prro(t) is a square-root raised cosine pulse with zero crossings at non-zero multipi€s efhereT’s is the symbol

period, then

q(t) = &% prro(t), )

whereF; = TL The discrete-time channel is found by samplirig) at the symbol ratec[k] = ¢(kT5). The noise
sequencei[k] is complex additive white Gaussian noise with a power spectral density ofThe receiver filteg[k] is

matched to the transmitter pulse shaping filter so it = ¢*(—kTs) = q(kTs), where the asterisk superscrip) (
denotes complex conjugation. The composite channel at the input to the equalizer is defingldebe k] « ¢[k] (here,
the large asterisk denotes convolution) and therefore

y[k] =) slk —m]hlm] + v[k], @)

m

wherev[k] = n[k] = ¢[k] is the noise at the input to the equalizer.

3. EQUALIZER DERIVATIONS

As shown in Fig. 1y[k] may be equalized using either a complex or real feedforward segtiph}. For the complex
equalizer, the real part of the signal is taken after the feedforward section. The real part of the signal is taken before the
feedforward section for the real equalizer. The composite chdnhgls assumed to have length, + 1 with L;, taps

prior to the peak of the maximum magnitude path dnd taps afterward; thus,., = Ly, + L,.. We represent the
channel by a vector

h = [h[=Lna), .. s h[=1], B[O, A[1], ..., B[Lnc] ] (4)
We also use a finite length representation of the receiver matched filtevith length2Z, + 1:

q=[a[=Ly),--- al=1],q0],q[1], .. ,q[L,]]" - ®)



We begin with the derivation of the complex equalizer. The equalizer is assumed tdVhavel feedforward taps
and N feedback taps. Assemblingr + 1 consecutive samples 9fk] into a vectory yields

y[k] = Hs[k] + Qnlk], (6)

wheren[k] = [n[k + L] ... n[k — Ly — N#]]7, k] = [s[k + Lna] .- s[k — Lne — N#]]7,

K" 0 - 0 @@ 0 - 0
0 At 0 0 ¢7 0

H = ) , and Q= (7)
0 0 I 0 0 q”

The symbol estimatg[k — K] is given by

sk~ K] = Re{gp"ylkl} +95" splk - K - 1], ®)
whereK is the cursor location (defined below); = [gr[0], ... ,9r[Nr]]". g5 = [g8[1],--. ,98[Ns]]", splk] =
[s[k],...,s[k+1— Ng]]", and the superscripi denotes conjugate transpose. In this analysis we assume that all

decisions are correct. If we adopt the convention that the subséripisd I indicate the real and imaginary parts of
guantities, then

sk — K] = gFRTyR[k] +9pr Y[k + 95" splk — K —1]
= grc yclkl +95" splk— K — 1], 9
T
]

whereg o = [grr’ gFIT]T andyq[k] = [ygT[k] y,;7[k]]" . We may now write

yolk]l = Heslk] + Qconclk], (10)

T T T
WhereHC:[HR H; } Qo =

gfj Qil ] andnc[k] = [naT[K n7[K])]".
In the decision feedback equalizer, we use the cursor to define exactly which symbol is being estimated. To motivate

the cursor definition, we use the real equalizer and consider a channel containing a single path with real gain at delay

zero. In this casehprlk] is a delta function ak = 0 and the samplgg[k] corresponds to the symbe|k| (since

yrlk] = s[k] + vgr[k]). Then the feedforward term in the symbol estimate is

Nr
gr"yrlkl = > grlnlyrlk —n]
n=0
Nr
= Y gr[nl (slk —n] + ve[k = n]), (11)

n=0
where we recall thag  is real for this discussion. That is, the feedforward term in the equalizer output only depends on
the symbolss[k], s[k — 1],... ,s[k — Nr]. When there is multipath interference, the feedforward term will depend on
symbols covering a wider time-span, but since we may encounter a channel where the multipath is negligible, we may
only consider|k], s[k — 1], ... , s[k — Ng] as candidates for the symbol to estimate. Therefore, we estimate the symbol

slk — K], where0 < K < Np, and call this symbol theursor. Since there is a one-to-one correspondence between the
candidate symbols and the taps in the feedforward section, we often identify the cursor by the corresponding feedforward
tap. This definition of the cursor is consistent with standard DFE theory and practice.

We now find the equalizer by minimizing the mean-square error (MSE), where
MSE = E{(s[k— K] - $[k — K])*}
= & 2050 Tsye +29r0" Rycss9p +9rc” Rycye9rc + €595 95 12)



with & = E{(s[k])*}, rsye = B{slk—Klyc[kl}, Rycsp = B{yc[klsp” [k— K —1]},andRy,.,. = E{yc[klyl[k]}-
Here we have made use of the expressiBRs;s, = E{sg[k]sp’[k]} = €sIn, andrys, = E{s[k — K]sp[k]} = 0.
Minimization of this expression yields

1 —1
9rc = (RycyC_S_RyCSBRyCSBT> Tsyc (13)
1
dp = _S_RycsBTgFC’v (14)
where
Tsyo = EHcodkir,, (15)
Rycyc = 8SI_ICIICT"‘-NOQCQCT (16)
R, s, = EHcCAk. a7

The vectotd k1, contains all zeros except for a one in elem&mt- L, + 1. The matrixA k is defined by

[ O(Lha+K+1)><NB -|
AK - INB (18)
[O(NF+Lhc7K*NB) ><NBJ

when0 < K < Ly.+ Np — Np and

AK — |:0(Lha+K+1)><(NF+Lhc—K) O(Lha+K+1)X(K+NB—NF—LhC) } (19)
Ingtp,.—K O(Np+Lye—K)x(K+Np—Np—Lic)

whenLy. + N — Ng < K < L. + Nr — 1. Here,0,,, ., IS a zero matrix of sizen x n andI,, is the identity matrix
of sizen x n. An alternative expression for the complex equalizer which we will find useful is

Ryc yc Ryc sB:| gpc] |:1"sycj|
= BE 20
|:RyCSBT RsBsB dp Tssp ( )

whereR,, s, = E;In, andr,,, = 0.
The derivation of the real equalizer is similar with the result that

1 -1
gr = (R?JR?JR - S_RyRSB R?JRSB T> Tsyr (21)
el
1
gp = _S_RyRSB TgFR, (22)
el
where
Tsyn = EsHROK4L,, (23)
Ry = EHrHr"+No (QrQr" +Q,Q;")
= &HRHR" + NoIn, 1 (24)
R, = ¢ HpAgk. (25)

The alternative expression for the real equalizer is

Ry, RyRSB:| [QF} [rsya]
= . 26
R?JRSBT RSBSB dB Tssp ( )



4. ADAPTIVE ALGORITHMS
4.1. Conjugate Gradient Algorithm

Since the conjugate gradient algorithm solves equations of the Ryra= r, the algorithm requires estimates Bfand
r. In this study, we estimate the componentdbéndr in Egs. 20 and 26 using a running average. That is, to estimate
R,, = E{u[n]vT[n]} at timek, we use the expression

1

R, [k] = 1 (kRyo[k — 1] + ulk]o” [K]) . (27)

This estimate has infinite memory and is only appropriate in a situation where the channel is static.
The adaptive conjugate gradient algorithm used here is identical to that described by Chang and Willstmo
exceptions. The first is our use of infinite memory matrix averaging as described above. The second difference is our

use of the Hestenes-Stiefel formula for the calculation of the conjugate direction stefl, Size The adaptive CG
algorithm used is listed in Algorithm 1 where the conjugate direction végidris reset to the negative of the estimated

Algorithm 1 Adaptive Conjugate Gradient Algorithm

Ry.yc[0] = Rycycos Rycsp[0] = Rycspos Tsyc [0] = Tsyco,
R 550] = EsIng, 7ss5[0] =0
g[0] = g,, t[0] =0
fork=1,... do
UpdateR,  y. k], Ryq s, (K], Rsysp (K], 7y [0], andry,, K]
tlk] = R[k]g[k — 1] — r[k]
if k=1o0rk mod kg = 1then
blk] = —t[K]
else
50— _(tlK] — ¢k~ 1)" ¢[e
"tk tlk — 1) plk - 1]
blk] = —t[k] + Beb[k — 1]
end if

bkt
T BT RIKIbIK]
glk] = glk — 1] + axb[k]
end for

gradientt[k] after everyk, steps. Algorithm 1 has been written for the complex equalizer, V\@efe[chTgBT]T,

r= [rsycTrssBT]T, and

R
R = ?JC?JGT

RyCSB
but it is also applied to the real equalizer with similar definitions based on Eq. 26.

The initial valuesR,. .0, Rycsz0, andrsy o (Or Ry, yr0, Rynsp0, andrg, .o for the real equalizer) in the first
step of the algorithm may be zero matrices. However, if a channel estimate is available, Egs. 15-17 (23-25) suggest that
convergence time may be reduced by initializing using an estimate of the chtariwéth the infinite memory averaging
in Eq. 27, the contribution of the initial value to the matrix average decreases immedialgly.as a more practical
forgetting factor implementation as described by Chang and Willstime contribution of the initial value will decrease
more slowly. Using the finite data windowing approach of the same paper, the contribution of the initial value can be
subtracted at a linear rate until there is no contribution left. To obtain a similar effect using the running average approach
in Eq. 27, we use the modified averaging

B 1
okt +1
wherek,, is the initial weighting ofR.,0.

Ryc $B
pdE (28)

SBSB

R, [K] ((k + kyw)Ryplk — 1] + u[k]o”[K]) , (29)



4.2. Recursive Least Squares Algorithm

The RLS algorithm solves equations of the foRy = r by updating the inverse of the matrR. The algorithm useld
is a standard RLS algorithm and is given in Algorithm 2, whefl] = [y [k] sp” [k — K — 1]]T (yr[k] instead of

Algorithm 2 Adaptive RLS Algorithm
P[0] =4I, g[0] = g,

fork=1,... do
k] = Pl ol
M = Sy o

e, =3[k — K] - g"[k — 1]y[k]

glk] = glk — 1] + ext[K]

Plk] = % (Plk—1]— tT[kly[k]| P[k — 1])
end for

y[k] for the real equalizer)) is the forgetting factor, and is the initialization factor forP, the inverse ofR. The
symbols[k — K] used in calculating the errey, is a known, correct symbol when training the equalizer and a sliced
decision when in decision-directed mode.

Since the RLS algorithm updates the inversdfthere is no obvious way to initializE using a channel estimate.
Initialization of the equalizeg is possible, but this provides no advantage over the CG algorithm since the same can be
done there.

4.3. Least Mean Square Algorithm
We use a standard LMS algorithfrwith step size: which is shown as Algorithm 3. As in the RLS algorithm, the symbol

Algorithm 3 Adaptive LMS Algorithm
g[0] = g,
fork=1,... do
3k — K] = g" [k — 1]y[k]
glk] = glk — 1] + p(3[k — K] - s[k — K])y[k]
end for

5[k — K] used in calculating the errey, is a known, correct symbol when training the equalizer and a sliced decision
when in decision-directed mode.

5. SIMULATIONS

The equalizers were simulated using four channels With= 4 paths in each channel. The gains of each path were
randomly generated from uncorrelated complex Gaussian random variables with mean zero and variance 2. The maximum
gain was normalized to one and located at zero delay. Three random delays were generated via independent uniform
random variables across a delay spread-86 to 250 symbols, relative to zero delay, and the remaining normalized

gains were assigned to these paths. Table 1 shows the delays, relative gains, and phases of the paths in the four channels
simulated. The complex pulse shape at the transmitter and receiver had an excess ban@wiithi'oAind was modeled

using 61 samples centered at the main tap (g5 30). The equalizers had 101 feedforward taps and 300 feedback taps

and the cursor was positioned at tap 76 in the feedforward section.

All simulations were performed at a received SNR36&B, where the SNR is defined at the input to the receiver
matched filter. The SNR is calculated as

2
Es [l

SNR = ==,

(30)



Table 1: Simulated channel delays in symbol periods, relative gains in dB, and phases in degrees.

Chan Main Path Path 2 Path 3 Path 4
Delay | Gain | Phase| Delay | Gain | Phase| Delay | Gain | Phase| Delay | Gain | Phase
1 0 0 0 194 | -6.45 | 291.2| 176.7 | -0.97 | 303.5| 228.1| -0.28 | 245.0
2 0 0 0 -13.8 | -7.98 | 146.8| 84.9 | -2.39| 285.2| 220.2 | -5.59 | 342.8
3 0 0 0 -27.2 | -13.86| 915 | 68.8 | -4.97| 289.0| 197.7 | -4.67 | 182.5
4 0 0 0 8.9 -8.33 | 328.3| 25.6 | -4.99| 299.1| 26.8 | -1.67| 0.8
Complex Equalizer Real Equalizer
' . . . 10" : :

Normalized MSE
Normalized MSE

Symbols [thousands] Symbols [thousands]

Figure 2. Complex (left) and real (right) equalizer convergence curves for CG, RLS, and LMS averaged across four channels at a
received SNR 080dB.

where€s = 21, ¢ = [¢[—Lpa + Lg], ... ,¢[Lne — L] ]”, and the noise power is calculated using the effective system
bandwidth.

The LMS and RLS parameters were chosen by simulating various parameter combinations and choosing the param-
eters which yielded the fastest stable convergence. The LMS step size was0~°, and the RLS parameters were
A = 0.999 andd = 1072, In the CG algorithm, the conjugate direction was re-initialized afer= 502 steps for the
complex equalizer anky = 401 steps for the real equalizer. In both caggsis equal to the dimension of thR matrix,
as suggested in Chong andkZ? For all algorithms, the mean-square error was calculated using the actual channel and
noise parameters according to Eg. 12 and then normalized to the constellation vétiance

In the first set of results, we compare the convergence rates of CG, RLS, and LMS without any special initialization
(other than the diagonal loading @¥[0] for RLS as described above). The equalizer weights are initialized to zeros
except for a one at the cursor location (tap 76) in the feedforward section. The feedback tap delay line contains zeros
when training begins. For the CG algorithiR,. .0, Rycsz0, andreyeo (Rypyro, Rypszo, andrg, o) are zero
matrices;R;, s, [0] andrs,, [0] are initialized as noted in Algorithm 1. The results for the complex and real equalizers
are shown in Fig. 2 for a received SNR of 30dB. The results have been averaged over all four channels. Both the RLS and
CG algorithms converge much faster than the LMS algorithm. The CG and RLS algorithms have similar early descents
except for the initial rise in MSE for the CG algorithm. The CG algorithm has slower convergence after the initial fall

in MSE. Note, however, than none of the three algorithms converges within the 704 training symbols available in a VSB
data field.

Next, we compare several methods of initializing the CG algorithm. Itis possible to initialize the equalizer tap weights,
the correlation matrices and vectors, and we may initialize the feedback tap contents to zero or fill the taps with training
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Figure 3. Convergence of complex CG equalizers initialized using actual channels at a received SINEBofThe plot on the left
is for an initial weight ofk,, = 100. The plot on the right is for an initial weight df,, = 10. The letters refer to the initialization
descriptions in the text.

symbols. When we fill the feedback taps with training symbols, we use the first 300 training symbols, so these symbols
are no longer available to train the equalizer. We simulated five different initializations:

A. Minimal initialization. This is identical to the first set of results above.

B. Matrix initialization. In this case, we initialize the correlation matrices using the actual chaanel noise variance
No.

C. Feedback tap initialization. Here, we fill the feedback taps with training symbols prior to beginning adaptation. The
correlation matrices are not initialized using the channel.

D. Matrix and feedback tap initialization. This is a combination of cases B and C. We initialize the matrices using the
actual channel and noise variance, and we fill the feedback taps with training symbols.

E. Matrix and feedback tap initialization with equalizer tap weight initialization. This case is identical to case D

except, in addition, we provide a simple initialization of the equalizer tap weights using the negative of the post-
cursor portion of the channel.

In addition to these initializations, we also simulated the CG solttiohRg = r and calculated the MSE as a function

of the iteration. We call this solution indirect CG (ICG) since it could be implemented as an indirect adaptation of the
equalizer taps by tracking the channel estimate and calculating the tap weights by fd@naindr from the channel
estimate. Finally, we reiterate that performing matrix initialization of the RLS algorithm similar to that described in B
would be difficult because the matrix updated by the RLS algorithm is the inverse of the correlation matrix.

The results of this simulation for the complex equalizer are shown in Fig. 3 along with the RLS results from the
previous simulation. Results for the real equalizer are similar and are not shown here. The matrix initialization alone
(B) does not yield a large improvement in the convergence time. The MSE initially drops steeply but then rises before
falling again. This can be attributed to the zeros initially in the feedback taps which initially direct the matrix averages
away from their initial values. Feedback tap initialization (C) does yield a significant improvement in convergence time,
but a flat region remains in the MSE. This region can be attributed to the time it takes for the matrix averages to stabilize.
As a result, the combination of B and C, shown as D, removes the flat region found in feedback tap initialization and a
vast improvement is seen over minimal initialization (A). With an initial weightingof= 100, the initial convergence
trajectory approaches that of ICG. Even wit) = 10, the normalized MSE quickly reach&8—2. When the equalizer
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Figure 4. Comparison of estimated and actual channel impulse responses. The estimated responses were obtained at a received SNR
of 30dB.

Table 2: Comparison of actual and estimated noise variancBd &t = 30dB.

Noise Variance
Actual | Estimated
1 0.03105 0.02825
2 0.02117 0.02150
3 0.01787 0.01944
4 0.02642 0.02543

Channel

taps are also initialized (E), there is a slight further improvement in convergence time. This is most easily seen when
ky = 10.

Finally, we test our initialization scheme using an estimated channel. We simulated the equalizer using the same four
channels, but estimated the channel using the scheme descril@khyet al. The channel estimation is performed
in two steps using symbol-spaced received samples prior to the receiver matched filter. In the first step, the received
samples are correlated with the stored training sequence and thresholding is applied in order to determine the locations of
the multipath delays. The purpose of the second step is to incorporate the transmitted pulggt$hagmethe channel
impulse response. To do this, we locate three copigsétpfhifted by one-half of a symbol period around each multipath
location and estimate complex scaling factors using a modified least squares approach. Further details may be found in
the reference. Figure 4 compares the actual channel impulse response with the estimated impulse response for channel 1.
The estimated impulse response matches the actual response very closely. These results are representative of the results
for all four channels.

Using the channel estimate, an estimate of the noise variance is also found. This is done by reconstructing the received
signal using the channel estimate and the training sequence. Only samples which depend on the training sequence and
no other symbols are reconstructed so that the reconstructed samples are essentially a noiseless estimate of the received
signal. The reconstructed signal is then subtracted from the actual received signal, and the squared magnitudes of the
differences are averaged and divided by two to yield the estimate of the noise va¥ign€able 2 compares the actual
and estimated noise variance for all four channels at a received SBIRIBf Note that the noise variance changes with
channel conditions since, in the received SNR, the signal includes the contributions from all four paths.

The channel estimate is used to initialize the correlation matrices in the equalizer prior to adaptation and, for case
E, to initialize the feedback tap weights. We simulated initialization cases D and E for the complex equalizer and the
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Figure 5. Convergence of complex CG equalizers initialized using channel estimates at a received SNIB .ofThe convergence
curves for initialization with the actual channels and the estimated channels are compared.

results are compared with the previous results using the actual channel in Fig. 5. Fby beth0 andk,, = 100, there

is little difference between the convergence rates when the equalizers are initialized with the estimated channels and the
convergence rates using the actual channels. ¥yjte= 100, the equalizer is able to converge within the available number

of training symbols in a single VSB synchronization segment without resorting to blind adaptation techniques.

6. CONCLUSIONS

We have shown that the adaptive conjugate gradient and RLS algorithms have similar convergence rates without ini-
tialization in an 8-VSB system. Since the conjugate gradient algorithm is easily initialized when a channel estimate is
available, we explored several methods for initialization. We found that initializing the correlation matrices while ensur-
ing that the feedback taps contained known training symbols yielded a significant improvement in convergence time —
much more than either technique yielded on its own. In addition, initializing the equalizer feedback tap weights using
the post-cursor portion of the channel estimate provided an additional small improvement in convergence time. The im-
proved convergence times are an advantage for the conjugate gradient algorithm since convergence is possible within the
available training symbols in an 8-VSB field. Correlation matrix initialization of the RLS algorithm is difficult because

the algorithm updates the inverse of the correlation matrix.

Future work will center on implementing the initialization scheme presented here using finite length data windowing
and forgetting factor correlation matrix averaging. In addition, we will work to reduce the computational complexity of
the conjugate gradient algorithm.
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